Bending vibration of flexible structures can be suppressed passively using piezoelectric electromechanical transducers and optimally tuned LR circuits. Since these systems include both mechanical and electrical elements, the governing equations consist of electrically coupled equations of motion. This paper describes a new method for deriving the governing equations that describe a system's vibration suppression based on the equilibrium of force principle and using an equivalent mechanical model of a piezoelectric element. Both series and parallel LR circuits are considered in the modeling approach. The optimum values for a mechanical vibration absorber can be formulated by using the two fixed points method. However, exact optimal values for the resistances of the LR circuits have not been formulated in the research literature thus far, and approximate values have been used. Analytical formulations are derived in this paper, and optimum values of the LR circuits are presented, not only in displacement, but also in terms of velocity and acceleration. The effects of the stiffness of the adhesive bond between the host structure and piezoelectric element, the dielectric loss in a piezoelectric element, and the internal resistance of an inductor are considered in the theoretical analysis. The effectiveness of the described analytical method is validated through simulations and experiments.
Introduction
Suppression of bending vibration using piezoelectric elements has attracted the attention of many researchers.
Typically, thin ceramic plates of piezoelectric material are used because this configuration requires minimal additional space and they are easy to install. In contrast, vibration suppression devices such as mechanical vibration absorbers usually need a significant amount of space and require a system level integration approach.
Both active vibration control [1, 2] and passive vibration suppression [3] [4] [5] [6] [7] using piezoelectric elements have been investigated in the research literature. Several hybrid methods [8] [9] [10] [11] have also been proposed. Active vibration control is often more effective than passive vibration suppression for a given device size, but they suffer from stability problems. In principle, passive methods are stable and offer a higher degree of simplicity in their implementation. For these reasons, passive vibration suppression using tuned LR circuits is the focus of this paper.
In previous works, it has been shown that both series and parallel LR circuits are effective in passively absorbing vibration using piezoelectric elements [4, 6] . Fundamental characterization of piezoelectric vibration absorbers and passive LR circuits has been shown; however, significant work remains in specific areas. In particular, the characteristics of the piezoelectric elements have not been thoroughly included in the derivation of governing equations, and as a result, the mechanism for how the controlling force is generated by LR circuits has not been illustrated in detail. In addition, accurate formulations for obtaining optimum values for the resistances, which agree with the two fixed points method [12] , have not been derived thus far. The differences in performance between series and parallel LR circuits should be investigated more closely. In the research literature, the optimum LR values for the circuits were derived only with respect to displacement even though the vibration of the host structure is often evaluated in terms of velocity or acceleration. Finally, the results of pure theoretical analysis and experiment often do not agree well in the research literature, especially in terms of the equivalent stiffness ratio of the piezoelectric element and the optimum value of resistance. To address these issues, this paper derives the governing equations by using a new equivalent mechanical model of a piezoelectric
element. An equivalent model of a piezoelectric element proposed previously consists of frequency-dependent elements [13] ; however, the proposed equivalent model consists of frequency-independent elements. Using the two fixed points method, accurate formulations for the optimum values of the LR circuits are derived, not only in terms of displacement but also in terms of velocity and acceleration. Using these formulations, the performance and optimum values of series and parallel LR circuits are compared theoretically. Finally, the dielectric loss of a piezoelectric element, internal resistance of the inductor, and stiffness of the adhesive bond are modeled theoretically. The effectiveness of the theoretical analysis is verified in simulations and experiments.
Theoretical analysis

Piezoelectric constitutive equations and equivalent mechanical model
Piezoelectric elements generate electrical voltage when they are strained. This phenomenon is called the piezoelectric effect. The inverse piezoelectric effect occurs when a piezoelectric element strains in response to an applied voltage. A piezoelectric element can be used as both a sensor and an actuator by using these responses.
Piezoelectric elements can be categorized into several types according to the directions of polarization and strain.
There is no essential difference between them and general formulations will be developed throughout this work.
A plate type of piezoelectric elements used in this paper is usually used for bending vibration suppression. As shown in Fig. 1 (1) and (2) describe the inverse piezoelectric effect and piezoelectric effect, respectively. Equations (1) and (2) can be transformed into the following equations: 
where the superscript S denotes that the value is obtained under constant strain. Substituting Eq. (14) into Eq.
(10) gives
From Eqs. (9) and (15), the equivalent mechanical model is drawn as Fig. 2 3 V , and 3 q , respectively. The left half of the equivalent model (a) is the mechanical stiffness given by Eq. (11) , and the right half shows the electrical properties of the transducer used to convert between mechanical and electrical energy. The volume in the cylinder is constant, and the pressure in the cylinder is uniform. The cylinder is fixed, and does not move. The equivalent mechanical model (a) can be transformed into the mechanical model (b). In this paper, the equivalent mechanical models (a) and (b) shown in Fig. 2 
Equation (16) implies that the stiffness of the electrical part is proportional to the stiffness of the mechanical part.
The original and equivalent mechanical models, when electrical impedance e Z is coupled to the piezoelectric element, are shown in Fig. 3 . The electrical impedance e Z is shown as the mechanical impedance e Z in the imaginary equivalent mechanical model and transformed into the mechanical impedance m Z in the perfect Fig. 2 . Equivalent mechanical models of a piezoelectric element: (a) imaginary model and (b) perfect model. 
The lower end of the equivalent stiffness z k in Fig. 3 (b) is free when the electrodes of the piezoelectric element are shorted, and fixed when the electrodes are opened. When the electrodes are shorted, the electrical property of the piezoelectric element does not have any physical effect.
Governing equations
An example model of for application of vibration suppression using a piezoelectric element and electrical impedance e Z is shown in Fig. 4 . In this case, the cantilever is the host structure that is experiencing vibration suppression, and it is excited by external force e f . The piezoelectric element is attached to the host structure with an adhesive bond. Vibration suppression using a tuned LR circuit can suppress only a single vibration mode. 
Piezoelectric element Cantilever x , r x , f x are the distance between the clamped end and the left and right endpoints of the piezoelectric element and the point where the external force is added, respectively, ψ is the shape function of the targeted vibration mode. The x axis is the longitudinal direction and the origin is at the clamped end. The variable z denotes the distance from the neutral axis. Since this cantilever is thin, the shear deformation and rotary inertia of the cantilever are ignored. As written in Eq. (19), the shape function ψ used in this paper is normalized as the modal mass M becomes 1. When the electrodes are shorted, the electrical property of the piezoelectric element does not affect the system. The equation of motion (18) is derived from the simple mechanical model shown in Fig. 5 . Here the cylinder is fixed in space, and the area ratio k θ is written as
Because p k and z k are in the proportional relation from Eq. (16), the imaginary and perfect equivalent mechanical models when the electrodes of the piezoelectric element are shunted by the electrical impedance e Z are drawn as Fig. 6 . From these equivalent mechanical models, the governing equations are written as follows. 
where Θ is the modal electromechanical coupling coefficient, and given as follows.
pk Θθ θ  .
Passive vibration suppression using a LR circuit
Models for passive vibration suppression using series and parallel LR circuits are shown in Fig. 7 . Electrical impedances of the series and parallel LR circuits are written as
where j is the imaginary unit, ω is the excitation frequency, L is the inductance, and R is the resistance. The perfect equivalent mechanical models are depicted in 
Perfect equivalent mechanical models of passive vibration suppression using series and parallel LR circuits: (a) series LR circuit and (b) parallel LR circuit. 
Optimum tuning in compliance
The two fixed points method [12] is common for finding the optimum natural frequency ratio and the resistance ratio of the additional one degree of freedom system that minimizes the maximum amplitude in the frequency domain. The two fixed points method is often used in optimum tuning of mechanical vibration absorbers because of its simplicity; it is also applied to the optimum tuning of the series and parallel LR circuits in this paper.
Because the magnitude of the nondimensional compliance (43) has two fixed points that are independent of the resistance ratio, the optimum natural frequency ratio is determined so that amplitudes at the two fixed points become equal, and the optimum resistance ratio is derived so that amplitude is maximized at the two fixed points.
The optimum natural frequency ratio in the magnitude of the nondimensional compliance (43) is given for the condition that the amplitudes at two fixed points-given by A and B-are equal.
The nondimensional frequencies of the two fixed points are given as
The amplitudes at the two fixed points are derived as follows. 
where the prime ' denotes g  . A δ and B δ are not equal; however, the difference is minute. The arithmetic average, geometric average, and root mean square of A δ and B δ can all be used as the optimum resistance ratio because the difference between them is small enough to be ignored. In this paper, the optimum resistance ratio is defined by root mean square because of simplicity of the expression. 
As indicated by Eqs. (53) and (57), both optimum natural frequency ratio and optimum resistance ratio are determined only by the equivalent stiffness ratio β .
Optimum tuning in mobility
Optimum values of the series and parallel LR circuits in terms of the magnitude of the nondimensional mobility can be derived by the two fixed points method as well as in terms of the magnitude of the nondimensional compliance. The optimum natural frequency ratio, the nondimensional frequencies of the two fixed points, the amplitudes at the two fixed points, and the optimum resistance ratio are given as follows. 
Optimum tuning in accelerance
Optimum values of the series and parallel LR circuits for the magnitude of the nondimensional accelerance can be derived by the two fixed points method as well as for the magnitude of the nondimensional compliance.
The optimum natural frequency ratio, the nondimensional frequencies of the two fixed points, the amplitudes at the two fixed points, and the optimum resistance ratio are given as follows.
Optimum values of the inductance and the resistance
Using the optimum natural frequency ratio opt f and the optimum resistance ratios Sopt δ and P opt δ , the optimum values of the inductance and the resistance are formulated as follows.
Comparison between series and parallel LR circuits 2.4.1 Performance comparison
The vibration suppression performance is evaluated based on the amplitude at the two fixed points because the amplitude at these points is maximized. The amplitudes at the two fixed points for the compliance, mobility, and accelerance are given by Eqs. (55), (60), and (64), respectively. The amplitudes are evaluated by using only the equivalent stiffness ratio β as an independent variable. The relationship between the amplitude at the two fixed points and the equivalent stiffness ratio β is shown in Fig. 9 . The amplitude of a series LR circuit is smaller than that of a parallel LR circuit for the compliance and mobility, and they are equal in the accelerance.
The amplitudes of series and parallel LR circuits are almost equal when the value of the equivalent stiffness ratio β is much smaller than 1.
The performance of a typical mechanical vibration absorber is evaluated based on the mass ratio. By contrast, the performance of vibration suppression using piezoelectric elements uses the stiffness ratio because the electrical properties of a piezoelectric element correspond to a spring in the equivalent mechanical model.
However, the mass ratio can also be used in vibration suppression with piezoelectric elements and LR circuits.
From Eqs. (37), (41), and (66), the equivalent mass ratio is given as follows. 
As an example, Fig. 10 . In this example, optimum values of LR circuits in the compliance were adopted. The results of a typical mechanical vibration absorber (MVA) using the same stiffness ratio are also shown in Fig. 10 . Around the natural frequency, the added stiffness ratio of a series LR circuit is larger than that of a parallel LR circuit, and the added damping ratios are nearly equal. These are the reasons that the performance of a series LR circuit is small degree better than that of a parallel LR circuit in terms of the compliance and mobility. The added stiffness ratios approach β when g becomes large. The gives damping to the main system in the frequency range less than the natural frequency.
Comparison of optimum values of inductance
Inductance should be tuned so that the system has an electrical resonance. In this case, the resonance frequency of the electrical system is nearly equal to the natural frequency of the main system. This represents an optimal condition. Because the added stiffness of a series LR circuit is larger than that of a parallel LR circuit, as shown in Fig. 10 (a) , the optimum natural frequency ratio of a series LR circuit is larger than that of a parallel LR circuit. As a result, the optimum values of the inductance of a series LR circuit are smaller; however, the difference is usually small because of the smallness of the equivalent stiffness ratio β .
Comparison of optimum values of resistance
In general, the equivalent stiffness ratio is much smaller than 1. In this case, the ratio of optimum values of the resistances is given as Since the electrical resonance of the additional electrical system suppresses vibration of the host structure, the current which flows back and forth between the inductance and the capacitance should be large. In the method using a series LR circuit, the amplitude of electrical charge becomes large if the resistance is small. By contrast, the amplitude of electrical charge for the method using a parallel LR circuit becomes large if the resistance is large. These are the reasons that P opt R is much larger than S opt R .
Summary of comparison
A series LR circuit is usually superior to a parallel LR circuit in terms of performance; however, there are some exceptions. When the value of p S C is large and S opt R is small, the performance is greatly decreased because of the variation in the value of the resistance. In other words, the performance of a parallel LR circuit is more robust than that of a series LR circuit because P opt R is very large. The same thing is adopted for the value of Ω . The circuit should be chosen in consideration of not only performance but also robustness.
Dielectric loss of a piezoelectric element and internal resistance of an inductor
In practice piezoelectric elements dissipate some energy due to dielectric loss. This phenomenon is caused by the relaxation time of polarization. As shown in Fig. 11 (a) , the dielectric loss can be expressed by a parallel resistance C R in the equivalent circuit. C R is given as follows.
where δ is the dielectric loss factor. When C R , there is no energy loss.
Similarly, inductors also dissipate energy because they have not only inductance but also internal resistance.
As shown in Fig. 11 (b) , the internal resistance can be expressed by a series resistance L R .
If the dissipated energy due to C R and L R is very small, they are negligible. However, sometimes the 
In this case, it is impossible to derive the optimum values of the circuit theoretically by use of the two fixed points method because there are no fixed points in Eq. (73). However, the values can be estimated approximately.
The practical models are intermediates between the two ideal models shown in Fig. 7 . Therefore, the optimum values in the practical models are expected to be close to the optimum values in the ideal models. From Eqs. (53), (58), and (62), the optimum natural frequency ratios in the practical models are expected to approach 1. The total resistance ratios in the practical models are defined as follows.
From Eqs. (57), (61), and (65), the optimum resistance ratios in the ideal models are almost equal although the values of the resistances are significantly different. It suggests that the optimum resistance ratio does not depend on the position of the resistance. Therefore, the total resistance ratios in the practical models should be tuned to be close to the optimum resistance ratios in the ideal models. The value of the resistance, which should be used in the experiment, can be estimated when the resistance ratios is larger than the optimum resistance ratio, LR circuits can not be optimally tuned. Therefore, piezoelectric elements and inductors with small resistance ratios should be chosen.
Effect of stiffness of adhesive bond
Piezoelectric elements are attached to the target with adhesive bonds. In the preceding subsections, piezoelectric elements were assumed to be fixed to the host structure, and the effect of the adhesive bond was ignored. However, the stiffness of the adhesive bond is generally not large enough to be ignored. The elemental imaginary and perfect equivalent mechanical models including the stiffness of adhesive bonds are shown in Fig. 
Here a1
k is the stiffness of the adhesive bond, and a1 x is the displacement of the connecting point between the adhesive bond and the piezoelectric element. From these equivalent mechanical models, the equilibria of force are given as follows. Young's modulus of the piezoelectric element is decreased, and the decrease causes performance deterioration.
Therefore, the longitudinal shear strength of the adhesive bond should be high.
Effect of restraint in width direction
In the preceding subsections, the properties of the piezoelectric element in the width direction are ignored for simplicity. If the Poisson's ratio of the piezoelectric element is very small and the piezoelectric element is not bound in width direction, there is no issue. However, the Poisson's ratio is generally not so small, and piezoelectric elements are usually restrained not only in the longitudinal direction but also in the width direction by the adhesive bond. To formulate the properties of the attached piezoelectric element accurately, the restraint in width direction must be taken into consideration. As shown in Fig. 15 (a) , the restraint of the piezoelectric element in width direction can be expressed by the stiffness of the adhesive bond a2 k as well as in longitudinal direction. Since the effect of the restraint in longitudinal direction has already been studied in the preceding subsection, only the effect of the restraint in width direction should be investigated in this subsection. The restraint model (in width direction only) is shown in Fig. 15 (b) . The piezoelectric constitutive equations are given as,
  directions. The subscript 2 denotes the width direction. Equations (91)- (93) are transformed as follows.
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where   
From Eqs. (96)- (98), the elastic compliance, the piezoelectric constant, and the electrical permittivity in Eqs. (1) and (2) , apparently because of the restraint in width direction. Usually the changes are larger, and all of these changes improve the performance of the piezoelectric elements. It is also difficult to obtain the accurate value of a2 k theoretically; however, it can theoretically be said that piezoelectric elements should also be fixed in the width direction.
Validation of theoretical analysis by simulation and experiment
Validation of optimum value of resistance
To validate the effectiveness of the new formulations of the resistance, simulations were carried out. The simulated magnitudes of the nondimensional compliance using series and parallel LR circuits with 0.01000 β  are shown in Fig. 16 . Here opt δ denotes the optimum resistance ratio derived in this paper, and old δ denotes the resistance ratio adopted as an approximate optimum resistance ratio in previous papers [3] [4] [5] [6] . The values of the resistance ratios are shown in Table 1 . It is shown that the optimum resistance ratios formulated in this paper are superior to previous ones.
In this paper, the optimum resistance ratios were defined by root mean square of A δ and B δ . The values of the resistance ratios derived by arithmetic average, geometric average, and root mean square are written in Table   2 . It is shown that the results of three kinds of averages are almost equal, and these differences do not have influence on the frequency response functions. Table 1 The resistance ratios used in the simulations shown in Fig. 16 . Table 2 The resistance ratios derived by arithmetic average, geometric average, and root mean square. 
Validation of optimum values in mobility and accelerance
Experimental apparatus
A schematic diagram of the experimental apparatus used in this study is shown in Fig. 17 . The material properties of the apparatus are written in Tables 3 and 4 . Here acc m is the mass of the accelerometer, and acc x is the location of the accelerometer. Two pieces of piezoelectric elements were attached to the cantilever; one was used for vibration suppression and the other for excitation of the beam. Both conductive and non-conductive adhesive bonds were used. The conductive type was used to simplify wiring, and the non-conductive type for fixing and electrical insulation. Specifically, a drop of the conductive adhesive bond was placed on the center of the piezoelectric elements and it was surrounded by the non-conductive adhesive bond. An inductor made by a generalized impedance converter was used in this experiment because the size of an actual coil is too large. In this experiment, the fundamental vibration mode of the cantilever was suppressed. The equivalent stiffness ratio, the capacitance of the piezoelectric element, the modal stiffness, and the modal damping coefficient, which were experimentally measured, are shown in Table 5 [14] . Here, the superscript x denotes that the values were obtained experimentally. The modal stiffness were derived as Table 3 Material properties of the cantilever and the accelerometer. Table 4 Material properties of the piezoelectric elements. Table 5 Experimentally measured parameters of the cantilever with the two piezoelectric elements.
Equivalent stiffness ratio 
Simulated and experimental results
The simulated and experimental magnitudes of the nondimensional compliance, mobility, and accelerance using optimum values in compliance, mobility, and accelerance, respectively, are shown in Figs respectively. The values of the material properties used in the simulations are the experimental ones written in Table 5 . The damping coefficient of the cantilever was ignored in the theoretical analysis; however, it was included in these simulations. In the mobility and the accelerance, the results using the LR circuit which was tuned optimally in terms of the compliance are also shown. The theoretical optimum values and the experimental values of the LR circuit are listed in Tables 6 and 7 , respectively. These frequency response functions change sensitively depending on the value of the inductance. The magnitude relation of the inductance values in the experiment agrees well with the simulated ones. The reason why the values of the inductance are large is that the capacitance value of the piezoelectric element is small. The theoretical optimum values and the experimental ones of the resistance are much different. The detail is described in the following subsection. It can be said that optimum values in the proper frequency response function should be adopted. Table 6 Theoretical optimum values of the LR circuit in compliance, mobility, and accelerance. Table 7 Experimental values of the LR circuit in compliance, mobility, and accelerance. 
Various resistance ratios in experiment
The difference between the theoretical and experimental resistance values in Tables 6 and 7 is due to the dielectric loss of the piezoelectric element and the internal resistance of the inductor made using the generalized impedance converter. ω K  is also written in Table 8 in parentheses. The various resistance ratios in the experiment and the theoretical optimum resistance ratios are given in Table 8 . Only the values with respect to compliance are listed because the difference among compliance, mobility, and accelerance is small. The experimental total resistance ratios and the theoretical optimum resistance ratios agree well. These results imply that the optimum resistance value in the experiment can be estimated and dielectric loss of piezoelectric elements should be taken into consideration when the material of the piezoelectric elements is determined. 
Investigation of stiffness of adhesive bond in experiment
To investigate the effect of the adhesive bond, a calculation model was constructed as shown in k are larger than p k and p2 k , respectively; however, the value of the equivalent stiffness ratio can still be improved by using stiffer adhesive bonds.
The reason why a2
k is smaller than a1 k is that the distribution of the adhesive bond were not uniform in the experimental apparatus. An extreme example is shown in Fig. 24 . In this example, the piezoelectric element is restrained only in the longitudinal direction. By comparison, a1 k and a2 k become the same value if the adhesive bond is uniformly spread on the entire piezoelectric element. Since the difference between the estimated values of a1 k and a2 k is not so large, it is reasonable to suppose that the theoretical analysis with respect to adhesive bonds is effective. 
Mass
Conclusion
The governing equations for passive vibration suppression with series and parallel LR circuits were derived using the new equivalent mechanical model of a piezoelectric element. The optimum values of the series and the parallel LR circuits were formulated by using the two fixed points method not only in terms of compliance but also in terms of mobility and accelerance. The difference between the series and parallel LR circuits was investigated theoretically. The effects of the dielectric loss of the piezoelectric elements, the internal resistance of the inductor, and the stiffness of adhesive bonds were theoretically investigated. The theoretical analysis was validated through numerical simulations and experiments. The performance of the passive vibration suppression technique using LR circuits was determined based on the value of the equivalent stiffness ratio as well as the mass ratio in typical mechanical vibration absorbers. The series LR circuit is superior to the parallel one in terms of compliance and mobility. However, the parallel LR circuit is superior to the series one in terms of robustness with respect to the variation of the resistance. Therefore, it is necessary to use two kinds of LR circuits properly according to the host structure and the piezoelectric element. This work demonstrated that the total resistance ratio, which includes the dielectric loss of the piezoelectric element and the internal resistance of the inductor, should be tuned to be equal to the optimum resistance ratio, and an adhesive bond with high longitudinal shear strength should be used.
